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@ Let P, be a homogeneous Poisson point process on R? with intensity \.
@ We start our navigation by setting Vo = o.
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@ Let P, be a homogeneous Poisson point process on R? with intensity \.
@ We start our navigation by setting Vo = o.

@ For 6 € (0,7/2], we define Cg := {v = (r,pv):rn >0,|p/| <6}
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Let Py be a homogeneous Poisson point process on R? with intensity .

We start our navigation by setting Vo = o.

For 6 € (0, 7/2], we define Cg := {v = (rv,v) : rnn > 0,|pv| < 0}.
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Large and Moderate Deviations in Poisson navigations Definition

Let Py be a homogeneous Poisson point process on R? with intensity .
We start our navigation by setting Vo = o.

For 6 € (0, 7/2], we define Cg := {v = (rv,v) : rnn > 0,|pv| < 0}.

Vi :=argmin{||lv — Wl|: v € PA NCy}.

Vit := argmin{|lv — Vi||: v € Px N Cp(Vi)}, where Co(V;) = Cp + Vi

The node Vi, is called the successor of V; € P, in the navigation.
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@ Interpretation: Message transmission through random network.
@ We denote the interpolated trajectory by {V:}+>o-

@ Aim: How rare is it for a path started from the origin to deviate much away from the

horizontal axis?
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Description

@ Interpretation: Message transmission through random network.
@ We denote the interpolated trajectory by {V:}+>o-

@ Aim: How rare is it for a path started from the origin to deviate much away from the
horizontal axis?

@ The Main Challenge: Steps may not be independent.
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Large and Moderate Deviations in Poisson navigations Definition
@ Interpretation: Message transmission through random network.
@ We denote the interpolated trajectory by {V:}+>o-

@ Aim: How rare is it for a path started from the origin to deviate much away from the
horizontal axis?

@ The Main Challenge: Steps may not be independent. (Independent for 0 < 7/4).

@ We need to account for the random horizontal step-sizes, which are not independent of the
vertical displacements.
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Large and Moderate Deviations in Poisson navigations Results

Moderate Deviation Principle

Theorem 1 (MDP) [G., Jahnel, and Jhawar (2025)]

Forany0 < A\, 0<0< T and0<e < % the family {t—1/2—5yt}t>0 obeys the moderate

deviation principle with rate t2¢ and rate function Iy g(x) := p(}\,8)x2, where p(),0) > 0. This
means that for any Borel set ' C R,

o < limi —2e —1/2—¢
JnfIx6(x) < liminf ¢ log P(¢ Vi ern)

< limsup t—2¢ IogP(til/zfsyt €T) < —inf Iy g(x).
t— 0o xer

Additionally, p(), 8) satisfies the scaling relation p(},8) = v/ p(1, 6).
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Moderate Deviation Principle

Theorem 1 (MDP) [G., Jahnel, and Jhawar (2025)]

Forany0 < A\, 0<0< T and0<e < % the family {t—1/2—5yt}t>0 obeys the moderate
deviation principle with rate t2¢ and rate function Iy g(x) := p(}\,8)x2, where p(),0) > 0. This

means that for any Borel set ' C R,
— A < limi —2¢e —1/2—¢
Xlenl_fo I6(x) < liminf ¢ log P(¢ YVeern)

< limsup t—2¢ IogP(til/zfsyt €T) < —inf Iy g(x).
t— 0o xer

Additionally, p(), 8) satisfies the scaling relation p(},8) = v/ p(1, 6).

@ Remark: For 0 < 0 < 7/4, we have an explicit form, which is given by

V1Al sin 6
p(A,0) = T2 SNT
260 — sin(260)
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Large Deviation Principle

Theorem 2 (LDP) [G., Jahnel, and Jhawar (2025)]

For any 0 < XA and 0 < 6 < 7, the family {t_lyt}tzo obeys the large deviation principle with
rate t and rate function

To(x) :=inf {BTx0(1/8,x/B): B> 0},
meaning that for any Borel set ' C R,
_ P | =il
xlen;° Ix0(x) < I|tn;|0r(17ft IogIP(t Y € r)

< limsupt~tlog P(t 7'V €T) < — inf Zy o(x).
xer

t— o0

Additionally, 7, o satisfies the scaling relation 7, g = \/XILQ.

Ghosh Poisson navigations November 10, 2025 3/9



Large and Moderate Deviations in Poisson navigations Results

Large Deviation Principle

Theorem 2 (LDP) [G., Jahnel, and Jhawar (2025)]

For any 0 < XA and 0 < 6 < 7, the family {t_lyt}tzo obeys the large deviation principle with
rate t and rate function

To(x) :=inf {BTx0(1/8,x/B): B> 0},
meaning that for any Borel set ' C R,
_ P | =il
Xlengo Ix0(x) < I|tn;|£ft IogIP(t Y € r)

< limsupt~tlog P(t 7'V €T) < — inf Zy o(x).
xer

t— o0

Additionally, 7, o satisfies the scaling relation 7, g = \/XILQ.

@ Here, J) ¢ is the 2d-rate function for i.i.d. progress variables. If Jy o(v) := log E[e<7:"1>],
then 7 g(u) :=sup{<v,u> —Jy 0(7): v € R?}.

Ghosh Poisson navigations November 10, 2025 3/9



Large and Moderate Deviations in Poisson navigations Results

Large Deviation Principle

Theorem 2 (LDP) [G., Jahnel, and Jhawar (2025)]

For any 0 < XA and 0 < 6 < 7, the family {t_lyt}tzo obeys the large deviation principle with
rate t and rate function

To(x) :=inf {BTx0(1/8,x/B): B> 0},
meaning that for any Borel set ' C R,
_ P | =il
Xlengo Ix0(x) < I|tn;|£)ft IogIP(t Y € r)

< limsupt~tlog P(t 7'V €T) < — inf Zy o(x).
xer

t— o0

Additionally, 7, o satisfies the scaling relation 7, g = \/XILQ.

@ Here, J) ¢ is the 2d-rate function for i.i.d. progress variables. If Jy o(v) := log E[e<7:"1>],
then 7 g(u) :=sup{<v,u> —Jy 0(7): v € R?}.

@ [ controls the optimal balance between making unusually many steps in order to reach t
horizontally, which might be beneficial to reach level x vertically.
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Large Deviation Principle

Theorem 2 (LDP) [G., Jahnel, and Jhawar (2025)]

For any 0 < XA and 0 < 6 < 7, the family {rlyt}m obeys the large deviation principle with
rate t and rate function a

Ty0(x) :=inf {BTx0(1/8,x/B): B> 0},
meaning that for any Borel set ' C R,
. S | -1
_xlenlf" Ty9(x) < I;nj)!)r;ft logP(t~'): €T)

< limsupt—! Iog]P’(t_lyt € F) < —inf Zy o(x).
xelr

t—o00

Additionally, Z ¢ satisfies the scaling relation 7, g = \/XILQ.

@ What about 6 > 77 Challenges:

@ Dependencies between steps. This can be managed using a renewal structure.
@ The renewal steps have exponential tails.

We have results assuming some control on renewal steps.
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Moderate Deviation Principle

Theorem 1 (MDP) [G., Jahnel, and Jhawar (2025)]

Forany0 < A\, 0<0< T and0<e < % the family {t—1/2—5yt}t>0 obeys the moderate
deviation principle with rate t2¢ and rate function Iy g(x) := p(}\,8)x2, where p(),0) > 0. This

means that for any Borel set ' C R,
— A < limi —2¢e —1/2—¢
Xlenl_fo I6(x) < liminf ¢ log P(¢ YVeern)

< limsup t—2¢ IogP(til/zfsyt €T) < —inf Iy g(x).
t— 0o xer

Additionally, p(), 8) satisfies the scaling relation p(},8) = v/ p(1, 6).

@ Remark: For 0 < 0 < 7/4, we have an explicit form, which is given by

V1Al sin 6
p(A,0) = T2 SNT
260 — sin(260)
Ghosh Poisson navigations November 10, 2025

4/9



Large and Moderate Deviations in Poisson navigations  Strategy of Proof

Strategy of Proof of the MDP for 7 < 6 <

s
2

Step 1: Renewal Structure.
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Step 1: Renewal Structure.
@ Progress at the i-th step U; := V; — V,_;.

@ Define “History Set”. We set Hy := () and define
H, := Cg(Vl) n B(O7 ||U1||),
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Strategy of Proof of the MDP for 7 < 6 < 7

Step 1: Renewal Structure.

s/i—\\ @ Progress at the i-th step U; := V; — V;_;.
| , \\ @ Define “History Set”. We set Hy := () and define
/ / \ Hy := Co(V1) N B(o, ||U]]),

Ha := Co(V2) N {H1 U B(V4, ||Ua|))}
Hp := Co(V) N {Ha—1 U B(Va_1, [ Uall)}-

@ Define “Renewal Steps”.
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Step 1: Renewal Structure.
@ Progress at the i-th step U; := V; — V,_;.

@ Define “History Set”. We set Hy := () and define
Hy == Co(V1) N B(o, || Ur]]).
Hy :=Co(V2) N {H1 U B(V1, [|U2[))}
Hn :=Cy(Va) N {Hpn—1 U B(Vyh_1, ||Unl])}.

@ Define “Renewal Steps”.
71 :=inf{n > 0: H, = 0},
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Step 1: Renewal Structure.
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Strategy of Proof of the MDP for 7 < 6 < 7

Step 1: Renewal Structure.
@ Progress at the i-th step U; := V; — V;_;.

@ Define “History Set”. We set Hp := () and define
= Co(V1) N B(o, || U1]]),
Ha :=Co(V2) N {H1 U B(W1, || U2)}
n = CQ(Vn) N {anl U B(anlv ”U"”)}
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Segments between two consecutive stopping times
are independent.
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@ Then
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Strategy of Proof

Strategy of Proof of the MDP for 7 <0 < 5

A
L\
|
l
|

Step 1: Renewal Structure.

@ Progress at the i-th step U; := V; — V,_;.

@ Define “History Set”. We set Hy := () and define
Hy == Co(V1) N B(o, || Ur]]).
Hy :=Co(V2) N {H1 U B(V1, [|U2[))}
Hn :=Cy(Va) N {Hpn—1 U B(Vyh_1, ||Unl])}.

@ Define “Renewal Steps”.
71 :=inf{n > 0: H, = 0},
Tk = inf{n > T—1 - H, = @}
Segments between two consecutive stopping times
are independent.

@ ‘“Horizontal Progress”. For U; = (X;, Y;), define K¢ := sup {n >0: Y0, X< t},

and K/ :=sup{n > 0: 7, < K:}.

@ Then
Kt
Ve=Vi+ Z Y; + (Rest step),
i:‘th/ +1
Ghosh Poisson navigations
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Strategy of Proof of the MDP for 7 < 6 < 7

Step 2: Exponential Equivalence.

“/‘\ @ ): and Yy are exponentially equivalent: V§ > 0,

limsup t 2 IogIP’(DJt ERARE) t1/2+€) = —0o0.
t1oo
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Strategy of Proof of the MDP for 7 < 6 < 7

Step 2: Exponential Equivalence.

@ Y: and Yy are exponentially equivalent: V§ > 0

t1oo

@ P(Iy: —Yi| > §¢l/2Fc)

K+l
S B(SE Y 208/
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Strategy of Proof of the MDP for 7 < 6 < 7

Step 2: Exponential Equivalence.

@ ); and Y, are exponentially equivalent: V§ > 0,

lim sup t—2¢ Iog]P’(D)f -V >4 t1/2+€) = —00.
tToo

o P(|yt _ y“ 2 6t1/2+s)
S ]P)(ZKt+l |K| 2 6t1/2+5)

i=T 1
Kl T

<P(K! > t2) + P(r; > t€)

+B(SL R, > se1/2+e)
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Strategy of Proof of the MDP for 7 < 6 < 7

Step 2: Exponential Equivalence.

@ ); and Y, are exponentially equivalent: V§ > 0,

lim sup t—2¢ Iog]P’(D)f -V >4 t1/2+€) = —00.
tToo

o P(|yt _ y“ 2 6t1/2+s)
S ]P)(ZKt+l IK' 2 §t1/2+5)

i=T 1
Kl T

<P(K! > t2) + P(r; > t€)

+B(SL R, > se1/2+e)

@ It is unlikely to make more that t2 steps to reach t.
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Strategy of Proof of the MDP for 7 < 6 < 7

Step 2: Exponential Equivalence.

tToo

o P(|yt _ y“ 2 6t1/2+s)

S]P)(ZKt+1 IK' > 6t1/2+5)

i=T 1
Kl T

<P(K! > 2) + P(ry > t<)

’
+P(X IR > set/2te)
@ It is unlikely to make more that t2 steps to reach t.

@ 71 has exponential tail. Involves Markov chain argument (Most technical part).
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Strategy of Proof of the MDP for 7 < 6 < 7

Step 2: Exponential Equivalence.

@ ); and Y, are exponentially equivalent: V§ > 0,

lim sup t—2¢ Iog]P’(D)f -V >4 t1/2+6) = —00.
tToo

o P(D}t _ y“ 2 6t1/2+s)
< P(ZKt+1 I\/ll > 6t1/2+5)

i=T 1
Kl T

<P(K! > 2) + P(ry > t<)

’
+P(X IR > set/2te)
@ It is unlikely to make more that t2 steps to reach t.

@ 71 has exponential tail. Involves Markov chain argument (Most technical part).
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Strategy of Proof of the MDP for 7 <0 < 5

Step 2: Exponential Equivalence.

@ ); and Y, are exponentially equivalent: V§ > 0,

lim sup t—2¢ Iog]P’(D)f -V >4 t1/2+6) = —00.
tToo

o P(D}t _ y“ > 6t1/2+s)
< P(TE  Yil 2 661/24)

<P(K! > 2) + P(ry > t<)

’
+P(X IR > set/2te)
@ It is unlikely to make more that t2 steps to reach t.

@ 71 has exponential tail. Involves Markov chain argument (Most technical part).
Let L, be the width of H,. .
Ly < My :=(Mp_1 — |[R,cos0])+1{®, € Ty} + max{M,_1, [Ra]}1{P, ¢ To}.
@ Coupling such that R; < ||Ui]| < Ri, {R;}i>1 and {ﬁi}izl are i.i.d.
P(R; >s) <P(R; >s) < e "
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Strategy of Proof of the MDP for 7 <0 < 5

Step 2: Exponential Equivalence.

@ ); and Y, are exponentially equivalent: V§ > 0,

lim sup t—2¢ Iog]P’(D)f -V >4 t1/2+6) = —00.
tToo

o P(D}t _ y“ > 6t1/2+s)
< P(TE  Yil 2 661/24)

<P(K! > t2) + P(r; > t€)

!
+P(X IR > set/2te)
@ It is unlikely to make more that t2 steps to reach t.

@ 71 has exponential tail. Involves Markov chain argument (Most technical part).
Let L, be the width of H,. .
Ly < My :=(Mp_1 — |[R,cos0])+1{®, € Ty} + max{M,_1, [Ra]}1{P, ¢ To}.
@ Coupling such that R; < ||Ui]| < Ri, {R;}i>1 and {ﬁi}izl are i.i.d.
P(R; >s) <P(R; >s) < e "
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Strategy of Proof of the MDP for 7 < 6 < 7

Step 3: No Randomness in Horizontal Direction.

@ Y} and Y are exponentially equivalent: Vé > 0,

limsup t=2¢ log P(|V; — V7| > 6 t1/2+€) = —o0,
t1oo

where s := E[X{] and Y = Z,‘E/lzj Y/
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Strategy of Proof of the MDP for 7 < 6 < 7

Step 3: No Randomness in Horizontal Direction.

@ Y} and Y are exponentially equivalent: Vé > 0,

limsup t=2¢ log P(|V; — V7| > 6 t1/2+€) = —o0,
t1oo

where s := E[X{] and Y = i\i{%J Y/

@ Remarks:

@ Infact, the the process makes the typical number of steps.
@ Crucially uses exponential unlikeliness of making unexpected many steps.
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Strategy of Proof of the MDP for 7 < 6 < 7

Step 4: MDP for V7.

@ {t71/27=yr} _ obeys the moderate-deviation
principle with rate t>* and rate function

o xex® E[X{]- X3

2-E[Y{’]  2-E[Y{’]

l;\ie(x) :
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Strategy of Proof of the MDP for 7 < 6 < 7

Step 4: MDP for V7.

@ {t71/27=yr} _ obeys the moderate-deviation
principle with rate t>* and rate function

o xex® E[X{]- X3

2-E[Y{’]  2-E[Y{’]

l)fig(x) :

@ Proof: Application of Eichelsbacher-Léwe criteria. [ESAIM Probab. Stat., 7:209-218.]
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Strategy of Proof of the MDP for 7 < 6 < 7

Step 4: MDP for V7.

@ {t71/27=yr} _ obeys the moderate-deviation
principle with rate t>* and rate function

o xex® E[X{]- X3

2-E[Y{’]  2-E[Y{’]

l)fig(x) :

@ Proof: Application of Eichelsbacher-Léwe criteria. [ESAIM Probab. Stat., 7:209-218.]

(proved)
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